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Abstract
We systematically derive an action for a nonrelativistic spinning partile in flat back-
ground and discuss its canonical formulation in both Lagrangian and Hamiltonian ap-
proaches. This action is taken as the starting point for deriving the corresponding action
in a curved background. It is achieved by following our recently developed technique of
localising the flat space galilean symmetry [1, 2, 3]. The coupling of the spinning par-
ticle to a Newton-Cartan background is obtained naturally. The equation of motion is
found to differ from the geodesic equation, in agreement with recent findings. Results for
both the flat space limit and the spinless theory (in curved background) are reproduced.
Specifically, the geodesic equation is also obtained in the latter case.
1 Introduction
The study of nonrelativistic (NR) symmetries in a gravitational background has recently at-
tracted considerable attention since it has found applications in various topics related to particle
physics, condensed matter physics [4], [5], [6] fluid dynamics [7], [8], gravitation [9], [10] and
cosmology [11], to name a few. The possibility of such symmetries was already noticed by
Cartan [12],[13] , who developed a covariant geometrical theory of Newtonian gravitation some
time after Einstein formulated his general theory of relativity. The corresponding Newton Car-
tan (NC) manifold has a degenerate metric structure and there exists an extensive literature
on this subject [14] - [18]. In recent applications, the elements of NC geometry are used to
couple the matter sector , be it particles [17, 19, 20], extended objects or fields [21, 22], with
NR gravity.
The universal role of time in NR physics imposes the lack of a single nondegenerate metric
which naturally occurs in the relativistic case. It is then necessary to work with a couple of
degenerate structures, which are the elements of NC geometry. Consequently, contrary to the
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relativistic case, there is no obvious way to couple the matter sector with NC geometry . Among
the various approaches discussed in the recent times, some popular ones are based on gauging
the NR (Bargmann) algebra [23] or taking the NR limit of relativistic theories [21, 22]. Apart
from the fact that the NR reduction of relativistic theories is not unique as it can be done in
different ways [21], there are other problems, particularly related to achieving the correct flat
limit [24, 20].
Recently we have developed a systematic algorithm of coupling NR matter to gravity that
is free of such obscurities and has wide applicability [1], [2]. It is based on localising the
NR (galilean) symmetry and naturally leads to a geometric interpretation involving the NC
structures [3]. Christened as galilean gauge theory [25], it has been successfully applied in
different contexts, reproducing familiar results and also yielding new findings and insights
[25], [26] - [30]. In its barest essentials, it answers the question that, given a theory in flat
background, what would be the corresponding theory in a curved background. The original
galilean symmetry is localised by making the parameters of the transformation space time
dependent. The ordinary derivatives are replaced by suitable covariant derivatives so that the
new theory is invariant under the localised transformations. A geometrical interpretation of
this new theory is possible by identifying appropriate combinations of the new fields appearing
in the covariant derivatives with the elements of NC geometry. In this way NR diffeomorphism
invariance appears naturally while the flat limit is smoothly recovered by simply setting the
new fields to zero.
Here we exploit this approach based on galilean gauge theory to discuss the canonical
formulation of a Fermi (spin half) particle coupled to a curved background. The first step
in our analysis would be to construct the appropriate theory in a flat space time. This has
been presented in some details in section 2. To illustrate the method we first consider the
simpler and well known example of the free spinless particle. The usual action is reproduced
in a parametrisation invariant form by introducing the Schroedinger mass shell condition as a
constraint. The action for the free spinning theory in flat space time is then constructed in
section 2.1. Now, apart from the Schroedinger mass shell constraint, there is also the Pauli
Schroedinger constraint. The galilean symmetry is examined both for the ordinary and spin
(Grassmann) variables. The action is shown to be quasi-invariant. A Hamiltonian formulation
of the action reveals the presence of reparametrisation symmetry and super gauge symmetry.
The appropriate generator that yields these symmetries is constructed in section 2.1.4. Also, the
method is extended to include interactions with an external magnetic field. We show explicitly
that the results follow by a minimal substitution, replacing the momenta by including the vector
potential term. The flat space action obtained here is the starting point to derive the action in a
curved background. This is presented in section 3, using the algorithm of galilean gauge theory.
A geometric interpretation of the action is provided in section 3.1. The action is written in a
manifestly covariant form where the coupling with NC geometry becomes explicit. In section 4,
a Lagrangian analysis is done. It is found that the equation of motion for the coordinates does
not follow the geodesic equation, in agreement with recent findings [34]. Finally, concluding
remarks are given in section 5.
2
2 Free Spinless Particle
The dispersion relation connecting the three momentum pi with the energy E is given by,
E =
p2i
2m
(1)
Introducing this as a constraint, the first order form of the action becomes,
S =
∫
dτ
(
pix˙
i − Et˙+ e
2
(E − p
2
i
2m
)
)
(2)
where e is a Lagrange multiplier and an overdot indicates a differentiation wuth respect to the
arbitrary parameter τ . The symplectic structure is defined by the Poisson brackets,
{xi, pj} = δji , {t, E} = −1 (3)
By using the equations of motion for the variables pi and E, it is possible to eliminate them
and simplify the form of the action to,
S =
m
2
∫
dτ
x˙2i
t˙
(4)
This is the action for a free spinless non-relativistic particle written in a reparametrisation
invariant form. The familiar form is obtained by choosing the standard gauge t = τ ,
S =
m
2
∫
dt x˙2i (5)
where the overdot here denotes a differentiation with respect to the usual time t.
In the following section we will introduce spin degrees of freedom. Meanwhile let us note
the invariance of the action (4) under infinitesmal Galilean transformations,
δx0 = θ0 = −θ
δxi = θi − ωi jxj − vit (6)
where, θµ are the time and space translation parameters, ωij are spatial rotation parameters
and vi are the Galilean boost parameters, The corresponding change in the action is,
δS =
∫
dτ
d
dτ
(−mvixi) (7)
Note that the action varies by a total boundary, keeping the equations of motion invariant. To
distinguish this type of invariance from those where the action does not change (δS = 0), it is
called a quasi invariance.
3
2.1 The Spinning Theory
The action for the spinning particle is constructed in a manner similar to the spinless case. Here,
apart from the dispersion relation (1), there is another constraint that implies the spinning
nature of the particle. Since we are considering the spin half case, this condition is given by
the Pauli-Schroedinger equation. One possible way to obtain this is to start from the four
component Dirac equation. Expressing the four component Dirac fermion in terms of a pair
of two component fermions, taking the nonrelativistic (c → ∞) limit after eliminating the
oscillations due to the rest mass of the fermions, eventually yields the following set of coupled
equations [35, 36],
E ψ − (σ.p) η = 0
(σ.p)ψ − 2mη = 0 (8)
where η and ξ are two component spinors and σi are the Pauli matrices. Using the identity,
(σ.p) (σ.p) = p2 (9)
it is simple to see that both spinors satisfy the Schroedinger equation corresponding to the
dispersion relation (1),
(p2 − 2mE) η = (p2 − 2mE)ψ = 0 (10)
The pair of coupled equations (8) may be expressed in four component notation by,[( 0 0
E 0
)
+
(
σ.p 0
0 −(σ.p)
)
−
(
0 2m
0 0
)](ψ
η
)
= 0 (11)
where each individual entry is a 2 by 2 matrix. These equations describe a non-relativistic spin
half particle. Further, if we define the 4 by 4 matrix in (11) by Q,
Q =
[( 0 0
E 0
)
+
(
σ.p 0
0 −(σ.p)
)
−
(
0 2m
0 0
)]
(12)
it is found that its anticommutator is just the Schroedinger operator,
1
2
{Q,Q}+ = (p2 − 2mE)I (13)
where I is the 4 by 4 unit matrix.
The above analysis shows that the analogue of the Schroedinger operator, which is the Pauli-
Schroedinger (or the Levy -Leblond) operator has to be Grassmann in nature. It is defined as
the operator version of Q given in (12),
P = Eη + 2pii − 2mη¯ (14)
where η, η¯ and i are Grassmann variables. A particular 4 by 4 matrix representation of these
operators is obtained by comparison with (12),
η =
(
0 0
1 0
)
η¯ =
(
0 1
0 0
)
2i =
(
σi 0
0 −σi
)
(15)
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which reproduces the expected Grassmann algebra,
{η, η}+ = {η¯, η¯}+ = 0, {η, η¯}+ = I, {i, j}+ = 1
2
δijI (16)
while the remaining algebra involving the η and η¯ with i also vanishes. Naturally the Pauli
Schroedinger operator (14) satisfies an operator analogue of the relation (13),
1
2
{P, P}+ = (p2 − 2mE) (17)
Classically, the Grassmann variables satisfy graded Poisson brackets that are obtained from
(16),
{η, η} = {η¯, η¯} = 0, {η, η¯} = −i, {i, j} = − i
2
δij (18)
while the remaining brackets involving cross terms vanish.
We are now ready to write down the first order form of the action for a free non-relativistic
particle of spin half, which is given by,
S =
∫
dτ
(
pix˙
i − Et˙+ e
2
(E − p
2
i
2m
)− χ(Eη + 2pii − 2mη¯) + i
2
(η ˙¯η + η¯η˙) + ii˙i
)
(19)
The difference from the spinless action (2) is seen from the fourth term onwards. There is a
term that enforces the Pauli-Schroedinger operator as a constraint through the multiplier χ.
The remaining kinetic terms are such that the symplectic structure (18) is reproduced. If we
drop the terms involving Grassmann variables which are responsible for the spin structure, we
just get back the spinless form (2).
This action will now be expressed in a second order form. This is done to facilitate the
passage to a curved background using our approach based on galilean gauge theory. It might
be recalled that the starting point of our [20] derivation for the action of a non-relativisitc
spinless particle in a curved background was (4).
Variation of the multiplier e simply yields (1), which is used to eliminate E from (19),
S =
∫
dτ
(
pix˙
i − p
2
i
2m
t˙− χ( p
2
i
2m
η + 2pii − 2mη¯) + i
2
(η ˙¯η + η¯η˙) + ii˙i
)
(20)
Variation of pi now yields,
pi =
m(x˙i − 2χi)
t˙+ χη
(21)
which is used to eliminate it from (20). This leads to,
S =
∫
dτ
(m
2
(x˙i − 2χi)2
t˙+ χη
+ 2mχη¯ +
i
2
(η ˙¯η + η¯η˙) + ii˙i
)
(22)
This is our cherished form of the action. A similar action was earlier posited in [31].
However, we have given a systematic derivation. As subsequent analysis will show, there are
some fine differences.
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2.1.1 Canonical Formulation
A canonical formulation of the model is now presented, following Dirac’s analysis of constrained
systems [37] The canonical momenta corresponding to the coordinates xi, time t and the mul-
tiplier χ are given by,
pi =
∂L
∂x˙i
=
m(x˙i − 2χi)
t˙+ χη
p0 = −E = ∂L
∂t˙
=
−m(x˙i − 2χi)2
2(t˙+ χη)2
Πχ =
∂L
∂χ˙
= 0 (23)
Terms involving η, η¯ and i are first order and naturally lead to the algebra (18), hence
their corresponding momenta are not introduced.
The Lagrange equations of motion that follow from (22) are now written down,
p˙i = 0
p˙0 = 0
˙i = iχpi
η˙ = −2imχ
˙¯η = iEχ (24)
where the momenta have been already defined in (23). There are certain relations among the
momenta since these are not all independent. Together with the last relation in (23), these
constitute the primary constraints of the theory and are given by,
Φ1 = p
2
i − 2Em ≈ 0
Φ2 = Πχ ≈ 0 (25)
The constraints are implemented weakly, following the nomenclature of Dirac [37, 38], meaning
that they can be imposed only after all relevant brackets have been computed.
The canonical Hamiltonian is given by,
Hc = χ(Eη + 2pii − 2mη¯) (26)
The total Hamiltonian is then defined by adding the primary constraints with appropriate
multipliers [37],
Ht = Hc + λ1Φ1 + λ2Φ2 (27)
To obtain secondary constraints, if any, it is necessary to check the time conservation of the
primary constraints by (graded) Poisson bracketing with the total Hamiltonian. For Φ1 this is
trivial,
{Φ1, Ht} = 0 (28)
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However, for Φ2, the algebra is nontrivial,
{Φ2, Ht} = −Φ3 (29)
where Φ3 is a new (secondary) constraint,
Φ3 = Eη + 2pii − 2mη¯ ≈ 0 (30)
To check the presence of other constraints, the process has to be repeated for Φ3. We find,
{Φ3, Ht} = −2iχΦ1 (31)
No new constraint is generated and the iterative process thus terminates. Note that Φ1 and Φ3
are just the Schoedinger and Pauli-Schroedinger operators, now implemented as constraints.
Since the algebra of constraints closes,
{Φa,Φb} = fab cΦc, f33 1 = −2i (a, b, c = 1, 2, 3) (32)
where all other structure constants are vanishing, the constraints are all first class. The total
Hamiltonian is then expressed as a sum of the first class constraints only,
Ht = λ1Φ1 + λ2Φ2 + χΦ3 (33)
as one would expect for a reparametrisation invariant theory [37, 38].
The above Hamiltonian reproduces the momenta (23) as well as the Lagrange equation of
motion (24) provided we choose the multipliers as,
λ1 =
1
2m
(t˙+ χη)
λ2 = χ˙ (34)
and use the Grassmann condition χ2 = 0. For example, as a consistency,
t˙ = {t,Ht} = −χη + 2mλ1 = t˙ (35)
and likewise for the other variables.
2.1.2 Galilean Symmetry
We now present a detailed study of the galilean symmetry of the model. The galilean transfor-
mations for the coordinates xi , their momenta pi and time t along with energy E are known.
The corresponding transformations for the Grassmann variables are found by demanding alge-
braic consistency of relations containing them together with the usual variables. We show this
by an explicit example. Consider the rotation generator for the usual sector,
R =
1
2
ωij(xipj − xjpi) (36)
7
Now consider its action on the constraint (30). Under infinitesimal rotations,
δE = 0, δpi = −ωijpj (37)
Then demanding,
δΦ3 = 0 (38)
fixes the transformation of the Grassmann variables under the rotations,
δi = −ωijj, δη = δη¯ = 0 (39)
Correspondingly, the rotation operator (36) is modified by an additional term. Using (18) this
is found to be,
R =
1
2
ωij(xipj − xjpi − i[i, j]) (40)
which is our cherished expression for the full rotation generator. One may also verify that it
is consistent with the relation (21) by taking appropriate variations on both sides. The last
term, remembering that the i are related to the Pauli matrices (see (15)), manifests the spin
half nature of the particle.
Proceeding in this manner the complete set of galilean generators in the super phase space
are obtained. The boosts, spatial translation and temporal translation are, respectively, gener-
ated by,
B = viBi = vi(mxi − tpi − iηi)
P = ipi
T = E (41)
Under these galilean transformations the action (19) is quasi invariant,
δS =
∫
dτ
d
dτ
(−mvixi) (42)
Note that for other transformations (rotations etc.) it is exactly invariant. Remember that the
same expression was obtained for the spinless case (see equation ( 7)).
2.1.3 Gauge Symmetries
The present model has three first class constraints which signals the occurrence of gauge sym-
metries. Following the Dirac conjecture, the generator of these symmetries is defined as a linear
combination of the these constraints,
G = α1Φ1 + α2Φ2 + α3Φ3 (43)
where the α’s are the gauge parameters. Now it is known that these parameters are not
independent. In fact the number of independent parameters is equal to the number of the
8
independent primary first class constraints of the theory [39, 40], which is two here. To find the
relation among these parameters we exploit the condition that these parameters must satisfy,
αa (ga
b2 + λa1 faa1
b2)− α˙b2 = 0 (44)
This condition has been discussed in the literature and can be obtained, among other means,
by demanding the commutativity of the time differentiation and gauge variation [39], [40]. Here
the label a refers to the complete set of three constraints, the suffix 1 (2) denote the primary
(secondary) sector. The structure constants f have been defined in (32) while the other ones g
are defined as,
{Φa, Hc} = ga bΦb (45)
The only nonvanishing values are given by,
g3
1 = −2iχ, g2 3 = −1 (46)
Since there is only one secondary constraint, the above equation (44) yields a single condition.
Taking b2 = 3, we find,
αa (ga
3 + λa1 faa1
3)− α˙3 = 0 (47)
Putting the appropriate values from (32) and (46), we obtain,
α2 = −α˙3 (48)
which yields the final form of the generator,
G = α1Φ1 − α˙3Φ2 + α3Φ3 (49)
A simple way to understand the above structure without going through the general for-
malism is to realise that such a condition on the gauge parameters is required to establish
consistency in the transformation properties of the variables. Let us for instance take the
variation on both sides of the equation of motion for η given in (24),
δη˙ = −2imδχ (50)
where the variation of η and χ may be separately calculated as,
δη = {η, G} = −2imα3
δχ = {χ, G} = −α2 (51)
From (50) and (51) the condition (48) follows immediately.
As already announced there are two independent parameters in the definition of the gen-
erator. The parameter α1 is an ordinary variable ( it multiplies the Schroedinger operator)
which is linked to the reparametrisation symmetry of the theory, seen earlier. The parameter
α3 is Grassmann for similar reasons and is linked to the super gauge transformations. We now
discuss them.
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The variation of the different variables is found by taking the graded Poisson brackets with
the generator (49). For the coordinates, this is given by,
δxi = {xi, G} = ωx˙i + 2γi (52)
where we have renamed the old parameters α1 and α3 in favour of two new parameters defined
as,
ω =
2α1m
t˙+ χη
, γ = −(ωχ− α3) (53)
The transformations for all the other variables may be similarly obtained,
δt = ωt˙− γη
δi = ω˙i + ipiγ
δη = ωη˙ − 2imγ
δη¯ = ω ˙¯η + iEγ
δχ = ωχ˙+ γ˙ + ω˙χ (54)
where pi and E are defined in (23). In this form it is more transparent to see that the parameters
ω and γ, respectively. are connected to the reparametrisation and super gauge symmetries.
2.1.4 Action in presence of a magnetic field
It is possible to discuss the coupling of this theory to a background magnetic field as an extension
of our approach. By following the same arguments as before, the nonrelativistic limit of the
Dirac equation in presence of a magnetic field is obtained [36]. The result is obtainable from
(8) by the minimal substitution, pi → pi − Ai, where Ai is the vector potential,
E ψ − (σ.(p− A)) η = 0
(σ.(p− A))ψ − 2mη = 0 (55)
It can be shown that both components satisfy the following equation,(
(σ.(p− A))2 − 2mE
)
ψ =
(
(σ.(p− A))2 − 2mE
)
η = 0 (56)
This is basically the Schroednger equation in the presence of a magnetic field. Expansion of
the term involving the σ−matrix immediately leads to the well known (σ.B) term, where Bi
is the magnetic field. Incidentally the above equation may also be obtained from a minimal
prescription of the free Schroedinger equation (10), re-expressed in the form,
(σ.p)2 − 2mE = 0 (57)
The appropriate Grassmann operator denoting the Pauli-Schroedinger operator is given by,
P = Eη + 2(pi − Ai)i − 2mη¯ (58)
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and follows from (14) by a minimal substitution. It satisfies,
1
2
{P, P}+ = ((σ.(p− A))2 − 2mE) (59)
It is now straightforward to write the first order form for the action,
S =
∫
dτ
(
pix˙
i−Et˙+ e
2
(E− (σ.(p− A))
2
2m
)−χ(Eη+2(pi−Ai)i−2mη¯)+ i
2
(η ˙¯η+η¯η˙)+ii˙i
)
(60)
In the above construction the Schroedinger constraint is implemented by the multiplier ‘e′ while
the Pauli Schroedinger one is done using χ. An advantage of this method is that the constraints
are automatically first class as a consequence of the algebra (59). In other approaches discussed
in the literature [31], this does not happen due to a lack of a systematic scheme. It is then
necessary to modify the constraints to make them first class. Apart from the ambiguities related
to the trial and error nature of such a process, the minimal substitution which is inbuilt in our
approach is destroyed.
3 Action for Non relativistic Particle in Curved Back-
ground
The parametrized action for a non relativistic Fermi particle in 3 dimensional Euclidean space
and absolute time has been derived above, in (22). The action is quasi invariant under the
global Galilean transformations (6), valid for ordinary variables, augmented by changes in the
spin ’coordinates’,
δη = 0
δa = −ωabb + v
a
2
η (61)
Both (6) and (61) are obtained from the galilean generators (40) and (41). Note that for
spacetime translation the Grassmann variables do not change. This is explicit in the expression
of the generators of Galilean transformations (41).
Now, the invariance of (22) is ensured by the transformations of the fields (6), (61) and
corresponding transformation of their derivatives in a particular way. Since this is an impor-
tant point of coupling a theory in flat space with curved background, we provide below the
transformations of the derivatives explicitly,
δ
dx0
dτ
=
d
dτ
(δx0) = 0 (62)
as δx0 is constant, and
δ
dxk
dτ
= −ωkj dx
j
dτ
− vk dx
0
dτ
(63)
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which can be checked easily. The transformations of the derivatives of the Grassman variables
can be obtained similarly as,
δ
dη
dτ
= 0
δ
dk
dτ
= −wkj d
j
dτ
+
vk
2
dη
dτ
(64)
The time and space translation parameters along with the rotation and boost parameters are
constants, at this stage. We have seen that the corresponding change of the action (22) is then
a boundary term only, see (42). The same equations of motion follow from both the original
and the transformed action. Our theory (22) is, thus, quasi invariant under the global Galilean
transformations.
In the framework of the Galilean gauge theory (GGT) [1], the coupling with gravity is
formulated in terms of the localisation of the symmetries. The starting point is to introduce
local coordinate bases at every point of space time (denoted by α), which are trivially connected
with the global coordinates (denoted by µ)1
xµ = δµαx
α (65)
at this stage. But later, we will see that the connection becomes non trivial.
The local galilean transformations can be written exactly as (6),
xµ → xµ + ζµ(x, x0) (66)
and similarly for (61) except that the parameters connected with transformation of the space
coordinates are functions of both space and time, whereas θ0, the time translation parameter
is function of time only, keeping in mind the universal nature of time in galilean physics. Note
that the fields continue to transform as (6,61), with reference to the local coordinates. But the
derivatives cease to follow (62,63, 64) when the theory is formulated in local coordinates. We
replace the ordinary derivatives by covariant derivatives where extra gauge fields are introduced.
Their transformations under local galilean transformations are assumed so as to ensure that the
covariant derivatives transform formally as (62), (63)and (64). The theory thus obtained has
an immediate geometrical interpretation. Interestingly by localilising the galilean symmetry
we obtain the geometrical structure of the NC spacetime [3]. Introduced initially to address
some questions regarding the coupling of non relativistic Schrodinger field with background
curvature [1], the method has been applied to a multitude of problems [2, 25, 26, 27, 28, 20, 32]
with success. Here, the method will be applied to the spinning particle problem.
To localize the symmetry of the action (22) according to GGT ,the ordinary derivatives
must be replaced by the covariant derivatives. For the coordinates we have already constructed
1Notation: Indices from the beginning of the alphabet indicate local coordinates while those from the middle,
denote global coordinates. Greek symbols correspond to space time while Latin ones correspond to only space.
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the appropriate, covariant derivativesDx
α
dτ
, corresponding to dx
α
dτ
[20], [30]. Explicitly,
Dxα
dτ
=
dxν
dτ
Λβν∂βx
α =
dxν
dτ
Λαν (67)
It has been verified [20] that the covariant derivatives indeed transform as (62, 63) provided
the fields Λαµ satisfy the transformations,
δΛ00 = ˙Λ
0
0
δΛaν = −∂νξβΛaβ + wabΛbν − vaΛ0ν (68)
The covariant derivatives of the spin variables will be mooted now. Since η is a scalar under
rotation and boost, the covariant derivative is same as the ordinary derivative
Dη
dτ
= η˙ (69)
The only non trivial one is the covariant derivative of a, to be denoted by D
a
dτ
. We define it
as,
Da
dτ
=
da
dτ
+
Dxβ
dτ
Σνβ (Bν) 
a (70)
where Σνα is the inverse of Λ
α
µ,
ΣναΛ
α
µ = δ
ν
µ (71)
A convenient form of
Da
dτ
is obtained by using (67),
Da
dτ
=
da
dτ
+
dxν
dτ
Bν
a (72)
The new fields Bµ are introduced corresponding to the spin degrees of freedom and can be
expanded using the generators (41) as,
Bµ =
1
2
Bµabσ
ab +Bµaσa (73)
where, σab is the spin matrix and σa follows from the boost generator. The action of Bµ is
determined by the gauge principle
Bµφ = δ(ω)φ|ω→−Bµ (74)
where, ω denotes the (infinitesmal) transformation parameter and φ is in some representation
of the gauge group. This immediately gives us
Bµx
a = Bµ
a
bx
b −Bµax0 (75)
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and
Bµη = 0
Bµ
a = Bµ
a
b
b − 1
2
Bµ
aη (76)
By direct calculations we can show that the covariant derivatives transform under the local
Galilean transformations in the same way as the ordinary derivatives do under global Galilean
transformations , if the new fields transform as,
δ0Σ0
0 = Σ0
ν∂νζ
0
δ0Σ0
k = Σ0
ν∂νζ
k + uaΣa
k
δ0Σa
k = Σa
ν∂νζ
k + ωa
bΣb
k
δ0Bµ = −∂µζνBν + ∂µωabσab − ∂µuaσa (77)
There is a crucial check at this point. As a result of their inverse relationship, the transforma-
tions given for Λαν and Σα
µ in (68) and (77)respectively, must honour (71). Direct substitution
shows that this is indeed the result,
δ (ΣναΛ
α
µ) = 0 (78)
It is nice to see the term by term cancellation in the calculation leading to (78). Remember that
these quantities δΣµα and δΛ
α
µ have come from independent algebraic processes of localisation of
the Galilean symmetries. Further, the transformations can be derived from the transformations
of the vielbein and its inverse in a curved space time. This is an indication that GGT captures
the geometry of NC spacetime. This issue will be discussed below in details.
The variations of the covariant derivatives in the Grassman sector also satisfy similar forms,
as stated above. Considering the cardinal significance of this result, it will be instructive to
demonstrate the same. We have already shown the transformations of the ordinary derivatives
in flat space and absolute time, in equation (64). According to the GGT algorithm we have to
show that the corresponding covariant derivatives
Dη
dτ
and
Da
dτ
will transform form invariantly
i.e
δ
Dη
dτ
= 0
δ
Da
dτ
= −wabD
b
dτ
+
1
2
va
Dη
dτ
(79)
as dictated by the transformations (64). Considering that the transformations have already
been fixed from the spatial sector one will admit that the claim is non trivial and would like
to see the detailed derivation, particularly the second one. Indeed, for the first equation the
result follows immediately on substitution of the definition of
Dη
dτ
from(69) and (64). For the
second, we start from the definition (72) and see that the left hand side of (79) is given by
δ
Da
dτ
= ∆1
a + ∆2
a (80)
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where,
∆1
a = δ
da
dτ
∆a2 = δ
(
dxµ
dτ
Bµ
a
)
(81)
To evaluate ∆2 , we have to be careful in calculating the action of Bµ on . In a previous section
we have seen that a is a vector under rotation. So ,
[σab]
c
d = (δbdδa
c − δadδbc) (82)
After some algebra, we get,
∆a1 =
d
dτ
(
−ωabb + 1
2
vaη
)
= −dω
a
b
dτ
b +
1
2
dva
dτ
η − ωab
db
dτ
+
1
2
va
dη
dτ
(83)
The calculation of ∆a2 is bit involved. Commuting δ with
d
dτ
we start, writing the variation
as,
∆a2 = δ (x
′µ)Bµa + x′µδ (Bµa) (84)
We will now write from (84),
∆a2 = ζ
′µBµa + x′µ
(
−∂µζνBνa + ∂µωabb − 1
2
∂µv
aη
)
+ x′µBµ
(
−ωabb + 1
2
vaη
)
(85)
Now η is a scalar. So Bµη = 0. Using this in (85) and combining (80), (83) and (85) we get
the left hand side of (79) as
∆a1 + ∆
a
2
= −dω
a
b
dτ
b +
1
2
dva
dτ
η − ωad
b
b
dτ
+
1
2
va
dη
dτ
+ ζ ′µBµa + x′µ
(
−∂µζνBνa + ∂µωabb − 1
2
∂µv
aη
)
+ x′µBµ
(
−ωabb + 1
2
vaη
)
(86)
Now, using the chain role,
dΦ (x)
dτ
=
dxµ
dτ
∂µΦ (87)
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Thus we find that
∆a1 + ∆
a
2 = −ωab
(
db
dτ
+ x′µBµb
)
+
1
2
va
dη
dτ
(88)
Using the definition (64) we find this is just the right hand side of (79).
After identifying the proper expressions for the covariant derivatives it is straightforward to
write the locally symmetric theory from (22) as,
S =
∫ 12m
(
Dxa
dτ
− 2χa
)2
(
Dx0
dτ
+ χη
) + 2mχη¯ + i
2
(η ˙¯η + η¯η˙) + ia
(
˙a + x˙βΣβ
µBµ
a
)
 dτ (89)
According to GGT this is the action, which is invariant under the general coordinate trans-
formations (66)
in the NC background. We explore the geometric connection in the following section.
3.1 Geometric Connection
The modified theory (89) is formulated in flat space and time. It is invariant under the local
Galilean transformations with respect to local coordinate systems, the connection of which
with the global coordinates is at this stage trivial. We can then form an alternative point of
view,where, space time is considered as a four dimensional manifold, charted by the global
coordinates xµ . The local basis is a non coordinate basis in the tangent space. Following
the tenets of galilean gauge theory, the new fields Σα
ν (Λµ
α) may be reinterpreted as vielbeins
(inverse vielbeins) in a general manifold charted by the coordinates xµ.The local basis is related
with the coordinate basis by the ’vielbeins’ Σα
µ as,
xµ = Σα
µxα (90)
For flat space time, the veilbeins reduce to Kroneckar deltas and we simply reproduce (65). Lo-
cal symmetries are Galilean whereas the manifold is invariant under the diffeomorphism (66),
where ζµ is now interpreted as any well behaved function of x and t. This point of view is
buttressed by the fact that the transformations (77) carry two set of indices, α designating the
local coordinates and µ designating space time (global) coordinates. Moreover, the transfor-
mation equations (68, 77) show that the local symmetry is the Galilean one while the space
time transformation is a diffeomorphism. Observe that the local basis is now related to the
coordinate basis by,
eˆα = Λαµeˆµ (91)
So in this reinterpretation, the connection has become non trivial as we have commented above.
It has been proved elsewhere, the 4-dim space time obtained in this way above is the Newton-
Cartan manifold [25]. The metric is defined as
hµν = Σa
µΣa
ν ; τµ = Λµ
0 = Θδ0µ (92)
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and has the appropriate tensor properties and degenerate form. Likewise,
hνρ = Λν
aΛρ
a; τµ = Σ0
µ (93)
where Λµ
α is the inverse of Σα
ν , is a second rank covariant tensor satisfying,
hαβhβρ = δ
α
ρ − τατρ (94)
We will require these NC geometric relations in the following analysis.
It is now easy to express (89) in a manifestly covariant form using the Newton Cartan
elements. From (67), (72) and (93) we obtain,
Dxa
dτ
Dxa
dτ
= hνσ
dxν
dτ
dxσ
dτ
(95)
Also
Da
dτ
=
(
′a + x′µBacµ 
c
)
(96)
Using these the action (89) may be rewritten as,
S =
∫ [
m
2
(
hνρx
′νx′ρ − 2mχaΛaνx′ν
τσx˙σ + χη
)
+ 2mχη¯ +
i
2
(η¯η˙ + η ˙¯η) + i (a.˙a + ax˙µBµ
acc)
]
dτ
(97)
This is the action in manifestly covariant form. Clearly, this can be interpreted as the
action of a non relativistic particle coupled with a Newton Cartan background. Once again the
strength and efficacy of the GGT are demonstrated.
4 Lagrangian Analysis
We start from the action (97) of the non relativistic particle in curved background, where, as
earlier stated, a prime denotes a differentiation with respect to the parameter τ .
The Euler- Lagrange equation following from (97) is,
d
dτ
(
∂L
∂x′µ
)
− ∂L
∂xµ
= 0 (98)
We will give the calculations in some detail. The derivatives of L can be straightforwardly
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computed. Multiplying the overall equation by hωµ (τ.x′ + χη) we get,
x′′ω +
1
2
hωρ (∂νhρσ + ∂σhνρ − ∂ρhνσ)xσ′xν′
− (τω)
(
τ.x′′ − τ.x′ (τ.x
′ + χη) ′
(τ.x′ + χη)
)
− (x′ω − 2χahωρΛaρ) (τ.x
′ + χη)′
(τ.x′ + χη)
+ 2χahωρ (∂ρΛ
a
σ − ∂σΛaρ)x′σ + 2hωρ(χa)′Λaρ
+
(
1
2
hωρhµνx
′µx′ν − 2hωρχaΛaνx′ν
)
(∂στρ − ∂ρτσ)x′σ
(τ.x′ + χη)
+
[(
1
m
hωρBabρ
(
iab
)′)− hωρ
m
[(
∂ρB
ab
σ − ∂σBabρ
) (
iab
)
x′σ
)]
(τ.x′ + χη) = 0 (99)
where the abbreviation,
τ.x = τσx
σ (100)
has been used.
We can now introduce the Dautcourt connection 2,
Γωσβ =
1
2
τω (∂στβ + ∂βτσ) +
hωα
2
(∂σhαβ + ∂βhασ − ∂αhσβ) + 1
2
hωα (Kαστβ +Kαβτσ) (101)
where K is an arbitrary two form. Now from (101) we can write
hωα
2
(∂σhαβ + ∂βhασ − ∂αhσβ)x′σx′β = Γωσβx′σx′β − τω∂στβx′σx′β − hωαKαστβx′σx′β(102)
Using this and the identity
τ ′α − ∂ατσx′σ = (∂στα − ∂ατσ)x′σ = 0 (103)
where the last equality follows on recalling that (∂στα − ∂ατσ) is the temporal component of the
torsion tensor and hence is zero, in (99) we get the path of a particle falling freely in background
gravity as,
x′′ω + Γωσβx′σx′β =
(τ.x′ + χη)′
(τ.x′ + χη)
(x′ω − 2χahωρΛaρ)− τω
[
(τ x˙′)′ (χη)− (τ x˙′) (χη)′]
(τ.x′ + χη)
+
[(
1
m
hωρBabρ
(
iab
)′)
(τ.x′ + χη)
]
= 0 (104)
where we have identified the arbitrary two form as,
Kρσ =
1
τ.x′
[2χa (∂ρΛ
a
σ − ∂σΛaρ)]
− h
ωρ
m
[(
∂ρB
ab
σ − ∂σBabρ
) (
iab
)
(τ.x′ + χη)
]
(105)
2This means that the spacetime is assumed to be torsion less
18
Note that in (104), Γωσβ is completely specified.
A remarkable feature is the deviation from the standard geodesic form. The introduction
of spin changes the geometry of the manifold. Note that similar deviation was pointed out
recently [34] from a different approach.. That this deviation is totally due to spin is evident
in our result (104). If we drop the spin part the equation of motion for spinless particle is
obtained. Compare this equation with th analogous equation of motion for the spinless particle
[20],
x′′ω + Γωσβx′σx′β =
(τ.x′)′
τ.x′
x′ω (106)
and we get exact agreement. Now, the equation (106) may be transformed to the standard
geodesic of the NC geometry by an appropriate choice of the affine parameter, so that the right
hand side of (106) vanishes [20].
5 Conclusions
In this paper we have constructed and analysed various aspects of the action for a nonrelativistic
(NR) Fermi (spin half) particle moving in either a flat or a curved background.
The flat theory was obtained by mimicking the steps that led to the construction of the
parametrised form of the action for a spinless theory, which was briefly reviewed. For the
spinning theory, apart from the Schroedinger mass shell constraint that is the only condition
in the spinless case, there is another restriction given by the Pauli-Schroedinger constraint.
This constraint involves Grassmann variables which could also be identified with the spin
variables. Implementing both constraints simultaneously, yields a first order form for the action.
The second order form for the action follows on eliminating the ‘momenta’. The galilean
transformations for both ordinary and Grassmann variables were obtained from an appropriate
generator. The action was shown to be quasi invariant. The two first class constraints of the
model were used to construct the generator of the gauge symmetry. It revealed the existence
of two independent symmetries- a reparametrisation symmetry and a super gauge symmetry.
The theory in the curved background was obtained by adopting our formalism, known as
galilean gauge theory (GGT) [1], [3], [2], [25]. The starting point is to consider the theory
of the spinning particle in the flat background derived here. The flat space theory is suitably
modified so that it has invariance under local galilean transformations. This is done by replacing
the ordinary derivatives in the flat space theory by covariant derivatives following a definite
principle which is similar to the way covariant derivatives are introduced in order to convert a
global gauge symmetry to a local one. The theory so obtained has a geometric explanation since
the new fields introduced to convert the ordinary derivatives into covariant ones get identified
with the elements of Newton Cartan geometry. Thus we can interpret it as a model for a
spinning particle coupled to background Newton Cartan geometry. The equation of motion for
the cordinates was calculated. It did not follow the geodesic path which agrees with recent
literature [34]. Since out approach systematically builds up from the flat space action, there
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are no problems in reproducing the flat space result. This is an important point since there are
examples where this limit poses serious problems [4]. The other feature is that the calculations
were directly done at the NR level without taking some limit of the corresponding relativistic
theory in a curved background. Since the limiting prescription is not unique [21], [32] such
approaches can suffer from ambiguities.
As possible future work, we would like to extend our analysis to include supersymmetry
and also strings moving in a NR background.
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